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1 Presently Mechanical Engineering, University of NeThe paper is concerned with the accurate numerical simulation of localized deformation that can
develop into necking and failure, induced by combined bending and tension in shell structures. The
study is motivated by the need to establish the onset and evolution of such failures in imploding
underwater structures. Such localized zones of deformation are shown to develop under controlled
conditions in experiments on Al-6061-T6 cylindrical shells crushed laterally by rigid punches. The
crushing induces gradually developing local depressions in the shells, at radially constrained locations.
As the crushing progresses, the depressions with a width of the order of the shell wall thickness, dee-
pen, increase their span, become neck-like and develop inclined failures. In the experimental set-up
used, the crushing was terminated when the ﬁrst of four such depressions that develop ruptured.
The shell was sliced along the principal plane of crushing and the most deformed cross sections of
the necks were measured. The crushing experiments were simulated numerically using solid FE mod-
els. The material was modeled as a ﬁnitely deforming elastic–plastic solid that hardens isotropically
using the von Mises, the non-quadratic isotropic Hosford and anisotropic Yld04–3D yield functions
suitably calibrated. While the overall structural response was reproduced well by all models, differ-
ences were observed in the evolution of localization in the depressions. For the von Mises yield func-
tion, the localized deformation was signiﬁcantly milder than in the experiments. The isotropic Hosford
yield function produced necks that were closer to the experimental ones, while Yld04–3D produced
results that were very close to the measurements. Clearly, and in concert with other applications,
the adoption of a non-quadratic yield function is necessary for reproduction of localized and other
challenging deformation histories in Al alloys. The addition of anisotropy in such models improves fur-
ther the predictions.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
In an ongoing study of implosion of underwater aluminum alloy
cylindrical shells (see Acknowledgments), the structures often
failed dynamically by localization due to combined bending and
tension in areas of high radial constraint, leading to tearing in
the manner illustrated in Fig. 1. The shell in the ﬁgure was closed
by bonding solid plugs at its ends, resulting in essentially ﬁxed
boundary conditions. It had a diameter (D) of 1.50 in (38.1 mm),
a diameter to thickness ratio (D/t) of 45.7, and a length-to-diame-
ter ratio (L/D) of 2. It buckled and collapsed at a pressure of 715 psi
(49.3 bar) with the characteristic mode 4 (four circumferential
waves). In the process, it developed local ruptures at the constraint
ends that led to tearing, which at one site is rather severe. Such
ruptures can affect the dynamic pressure pulse that emanates fromll rights reserved.
s).
w Hampshire.such an event and must be understood and modeled. Prediction of
the onset and evolution of such ruptures requires the use of appro-
priate constitutive models.
To address this need we developed an experimental set-up
involving cylindrical shells from the same stock as that used in
the implosion experiments, in which similar failures are generated
under controlled conditions. In this set-up shown in Fig. 2, a shell
bonded to solid end-plugs is crushed laterally by stiff punches. The
shell develops bending and stretching stresses that are the most
severe at the interface with the solid plug. Deformation localizes
in narrow zones leading eventually to rupture and tearing. In this
paper, we report the results of several such experiments as well
as corresponding results from numerical simulations based on
three different constitutive models of the elastic–plastic behavior
of the Al-6061-T6 shell material. The non-quadratic yield functions
adopted were calibrated using experimental results developed in a
parallel study that involved tubes of the same material loaded to
rupture under radial stress paths of combined internal pressure
and axial load (Korkolis et al., 2010).
Fig. 1. Photographs of a cylindrical shell that collapsed dynamically under external pressure developing ruptures and tearing at the constrained ends.
Fig. 2. Experimental set-up for lateral crushing of shells by ﬂat punches. (i) Schematic and (ii) photograph of a crushed specimen.
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2.1. General
The specimens tested were seamless, commercially available
Al-6061-T6 tubes with diameters in the range of 1.0–1.5 in (25–
38 mm) and D/ts in the range of 30–50. Failure under combined
tension and bending has been of concern in sheet metal forming
and consequently experimental set-ups have been developed for
establishing the forming limits under such combined loadings
using sheet metal (e.g., see Swift (1948), Hosford and Caddell
(1993), Damborg et al. (1997), Banabic (2000), Wagoner et al.
(2009)). Seamless tubes are often manufactured by drawing orTable 1
Geometric and material parameters of crushing experiments.
Exp. No. Tube No. D in (mm) t in (mm) D=t
TR44 I5 0.9980
(25.35)
0.0201
(0.511)
49.65
TR43 I17 1.2484
(31.71)
0.0272
(0.691)
45.90
TR36 I15 1.2530
(31.83)
0.0350
(0.889)
35.80
TR40 I16 1.1247
(28.57)
0.0359
(0.912)
31.33
TR39 I12 1.4999
(38.10)
0.0485
(1.232)
30.93
TR45 I15 1.2523
(31.81)
0.0349
(0.887)
35.88
W = 2.0 in (51 mm).
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Fig. 3. Results from a shell crushing experiment. (a) Force–displacement response. (b) Sp
the four depressions that developed (correspond to numbered points on the response inextrusion, processes that introduce different microstructure and
anisotropy to the ﬁnished product than that of rolled sheet. It
was thus preferable that the tests in this study be conducted on
tubes like those used in the implosion experiments. An additional
requirement of the test set-up was simplicity so that a large num-
ber of tests can be conducted relatively quickly. Fig. 2(i) shows
schematically the set-up adopted. It consists of a tube that is closed
with bonded SS-303 end-plugs leaving a free section of length L.
The plugs are machined to a smooth ﬁnish with a diameter Dp
and radiused ends (rp = 0.094 in – 2.38 mm). The small gap be-
tween the tube inner surface and the plugs (g) is ﬁlled with epoxy
leaving free a length Lp. The assembly is placed in a screw-type
testing machine and brought into contact with two steel punchesNo (%) L=D Dp in (mm) g in (lm) ro ksi (MPa)
0.74 2.605 0.9505
(24.14)
0.0037
(94)
45.23
(312)
4.60 2.804 1.1880
(30.18)
0.003
(76)
42.65
(294)
3.71 2.075 1.1750
(29.85)
0.004
(102)
39.71
(274)
3.07 2.378 1.0470
(26.59)
0.003
(76)
43.94
(303)
0.82 2.534 1.3970
(35.48)
0.003
(76)
39.94
(275)
4.01 2.076 1.1750
(29.85)
0.0038
(97)
39.71
(274)
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ecimen conﬁgurations at different stages of crushing showing the evolution of one of
Fig. 3a).
Fig. 4. Photomicrographs of cross sections of necks that developed in the
depressions at the end of loading (Spec. TR40). (i) Intact neck and (ii) a neck that
developed shear failure.
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surfaces and radiused ends (r1 = 0.406 in – 10.3 mm) as shown in
the ﬁgure.
2.2. Typical crushing experiment
The tubes exhibited some small wall thickness eccentricity that
is reported in Table 1 (No = (tmax  tmin)/(tmax + tmin)). The thinnest
part was consistently placed facing up in the set-up shown in
Fig. 2(i). The tube was then crushed under displacement control
at a slow rate ð _d=D  1:33 103 s1Þ. The crushing process was
monitored with a video camera and the load and displacement
were recorded in a data acquisition system running synchronously
with the camera. Fig. 3a shows the recorded force–displacement
(P  d) response from a typical experiment (TR45) involving a tube
with a diameter of 1.2523 in (31.81 mm) and a D/t = 35.88 (see Ta-
ble 1 for other parameters). As the central part of the specimen gets
crushed (Fig. 2(i)), the force grows monotonically with displace-
ment. A characteristic reduction in stiffness is observed when plas-
tic deformation sets in that is followed by a nearly constant slope.
The crushing causes the free section of the tube to bend over the
radiused ends of the solid plugs simultaneously building up mem-
brane tension. The most severe stress concentration develops in
four narrow zones at the sites where the shell detaches from the
radiused end of the plugs. Accordingly, circumferential arcs of
localized wall thinning start to appear at these locations soon after
the ﬁrst knee in the recorded response. The arcs have a width of the
order of the tube wall thickness and a span and depth that progres-
sively grow. In this particular test, we interrupted the loading at
position r, unloaded the specimen and photographed one of the
localization arcs (shown in Fig. 3b). It spans about 30 and has a
maximum depth of about 50 lm. The specimen was subsequently
reloaded and the crushing continued. At position s one of the
zones at the top of the specimen ruptured, an event that is accom-
panied by a small drop in load. The specimen was unloaded once
more and the ruptured zone photographed. The arc is seen in
Fig. 3b to be covering more of the circumference, the localization
is deeper and a small through-thickness crack has developed. On
reloading, the crack started propagating around the circumference,
along the locally thinned arc, in essentially a steady state manner
(load remaining nearly constant). The test was terminated at t
and unloaded. The crack that can be seen in Fig. 3b opened up
and covers an arc of about 40. Examination of the surface of the
rupture revealed the usual nearly 45 through-thickness orienta-
tion of failure.
2.3. Summary of experimental results
Several similar exploratory experiments were ﬁrst conducted in
which the tube dimensions, the free length L, and the extent of
crushing and propagation of rupture were varied. It was observed
that rupture consistently initiated at one of the two localization
zones at the top, where the wall thickness was somewhat smaller.
Usually one site ruptured ﬁrst, followed by the one on the opposite
side soon afterwards.
Since our objective was to establish quantitatively the onset of
rupture, in the experiments that are analyzed here, loading was
terminated immediately after the ﬁrst small load drop that accom-
panied ﬁrst rupture and the specimen was unloaded. The end-
plugs were then removed and the specimen was sliced in half
along a generator that lies in the vertical plane of symmetry of
the crushed tube. To minimize distortions of the localization zones,
the cutting was performed using a computer operated wire EDM
(Electrical Discharge Machining) system. The cross sections of
two halves were then inspected under a microscope and the four
sites (8 when cut in two) that experienced localized wall thinningwere photographed. Fig. 4 shows two images of localized wall thin-
ning that developed in Exp. TR40. The neck in Fig. 4(i) originated
from the bottom half of the shell, which was slightly thicker than
the top due to the 3% wall eccentricity of this tube. The one shown
in Fig. 4(ii) originated from the top of the specimen where rupture
took place (in this case on both ends although more pronounced in
one). The localizations are in the form of diffuse necks that are
about 2t long. They occurred at the edge of the rounded part of
the plugs and so, despite the small scale of the photograph, the cur-
vature of the section can be clearly seen. The narrowest part of the
neck in Fig. 4(i) experienced a wall thickness reduction of 31.8%
(engineering strain based on the original thickness as this loca-
tion). The neck in Fig. 4(ii) is seen to have developed a crack that
is oriented at about 45 to the local mid-surface. The maximum
wall thinning in this case is approximately 41%.
A second pair of necks from Exp. TR39, are shown in Fig. 5. The
image in Fig. 5(i) comes again from the bottom of the shell, which
in this case is only slightly thicker than the top (No = 0.8%). The
maximum reduction in thickness in this neck is 38.5%. Despite
the small wall eccentricity, the rupture shown in Fig. 5(ii) again oc-
curred at one of the top sites. The crack is once again at about 45
to the neutral surface and is at a more developed stage as wit-
nessed by the larger separation.
We will report similar results from ﬁve experiments with the
respective tube and set-up parameters listed in Table 1. All where
crushed until the ﬁrst rupture occurred, unloaded and their zones
of localized wall thinning and rupture analyzed in the manner de-
scribed above. In all cases, localized wall thinning in the form of a
neck precipitated rupture that was inclined to the neutral surface
by about 45. The minimum wall thickness in each neck was mea-
Fig. 5. Photomicrographs of cross sections of necks that developed in the
depressions at the end of loading (Spec. TR39). (i) Intact neck and (ii) a neck that
developed shear failure.
Table 2
Measured and calculated maximum wall thinning in localization zones.
Dt/t (%)
Exp. No. Exp. vM H(8) Yld04
TR44 27.55 17.88 25.16 27.40
TR43 33.85 22.01 31.77 34.67
TR36 23.73 16.80 19.97 20.69
TR40 30.97 24.06 28.75 30.13
TR39 39.41 26.15 32.78 35.91
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wall thickness. As might be expected, the values measured in the
two sister shell halves in the same neck were very close to each
other. Similar values were measured in the two necks on the same
side of the tube (same t). Also, in some cases the maximum thick-
ness reduction tended to be somewhat larger in the neck that rup-
tured, like for example the cases shown in Figs. 4 and 5. What we
consider as the most representative value of thickness strain just
before rupture is the average value of the 8 measurements per-
formed (in a couple of cases leaving out measurements that were
out of line with the rest because rupture progressed further than
usual). These maximum thickness strains (et max) are reported in
Table 2 under ‘‘Exp”. They are seen to vary with D and D/t.3. Analysis
3.1. Constitutive modeling
It is well established that in demanding problems involving
inelastic deformations of Al alloys, the material is best modeledas an elastic–plastic solid with a non-quadratic yield function that
in terms of the principal stress deviators is expressed as:
js1  s2jk þ js2  s3jk þ js3  s1jk ¼ 2rko; ð1Þ
(Hosford, 1972). Among others, Barlat and co-workers have devel-
oped effective and ﬂexible models for introducing anisotropy to this
yield function. In recent works, the authors adopted the plane stress
version from this family of models, Yld2000-2D (Barlat et al., 2003),
and used it to simulate numerically experiments involving Al-6260-
T4 thin-walled tubes loaded under combined internal pressure and
axial load to rupture along radial and corner paths (Korkolis and
Kyriakides, 2008a,b, 2009). It was demonstrated that the ﬂexibility
afforded by this model through its 8 anisotropy parameters played a
decisive role in the successful prediction of the induced strain paths
and the onset of rupture. The same degree of success was demon-
strated in the companion paper that involved similar radial paths
of internal pressure and axial tension on similar Al-6061-T6 alloy
tubes as the ones of interest here.
As we have seen, in the present tube crushing problem narrow
zones of localized deformation appear rather early in the loading
history. These zones broaden and deepen as the crushing pro-
gresses leading to necking that precipitates rupture. The localiza-
tion is further complicated by contact of these zones with the
solid inner plugs. Accurate simulation of the evolution of such local
thickness depressions in the presence of normal contact stresses
requires a fully 3D modeling of the structure using solid elements
(see similar conclusion in Korkolis and Kyriakides, 2010). This of
course requires the implementation of a fully 3D anisotropic yield
function. Following is an outline of Barlat et al. (2005) generaliza-
tion of their plane stress anisotropic yield function to 3D. Anisot-
ropy is introduced by two linear transformations, which are used
to construct the tensors S0, S00 from the actual stress tensor r as
follows:
S0 ¼ C 0s ¼ C 0Tr ¼ L0r and S00 ¼ C 00s ¼ C 00Tr ¼ L00r; ð2Þ
where C0, C00, T, L0 and L00 are appropriate transformation matrices
that allow introduction of the anisotropy. T is the standard linear
transformation of r to its deviator swhile the transformation matri-
ces C0 and C00contain the 18 anisotropy parameters as follows:
C 0 ¼
0 c012 c013 0 0 0
c021 0 c023 0 0 0
c031 c032 0 0 0 0
0 0 0 c044 0 0
0 0 0 0 c055 0
0 0 0 0 0 c066
2
666666664
3
777777775
; ð3aÞ
and
C 00 ¼
0 c0012 c0013 0 0 0
c0021 0 c0023 0 0 0
c0031 c0032 0 0 0 0
0 0 0 c0044 0 0
0 0 0 0 c0055 0
0 0 0 0 0 c0066
2
666666664
3
777777775
: ð3bÞ
The principal values of the stress tensors S0 and S00, respectively
S01; S
0
2; S
0
3
 
and S001; S
00
2; S
00
3
 
, are evaluated analytically. The Yld04–3D
yield function is then written as:
/ ¼ S01  S001
 k þ S01  S002
 k þ S01  S003
 k þ S02  S001
 k þ S02  S002
 k
þ S02  S003
 k þ S03  S001
 k þ S03  S002
 k þ S03  S003
 k ¼ 4rko: ð4Þ
(Observe that when yielding is isotropic, all coefﬁcients in C0 and
C00 equal to 1 and Eq. (4) reduces to Hosford’s yield function in Eq.
(1).)
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Fig. 6. Experimental data representing the initial yield surface in the rx  rh plane
(Wp = 35 psi–24 kPa) and the three different yield criteria used (von Mises, Hosford,
Yld04–3D).
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alloys (Logan and Hosford, 1980). The model is then calibrated
by ﬁtting the 12 parameters c0ij and c
00
ijði; j ¼ 1; 3Þ associated with
normal stresses to the data generated from radial path tests on
tubes of the same material (Korkolis et al., 2010). The remaining
six parameters, c0ii and c
00
ii (i = 4,5,6, no sum on i) which are associ-Table 3
Anisotropy parameters for Yld04–3D (k = 8).
c012 c013 c021 c023
0.9677 1.0340 1.0265 0.9734
c0012 c0013 c0021 c0023
0.9677 1.0340 1.0265 0.9734
Fig. 7. The FE model adopted showing the mesh and theated with anisotropy in shear stresses are set equal to 1 as no data
was available for them. Plastic work (Wp) is chosen as the yield cri-
terion for the six available data points in the rx  rh plane shown
in Fig. 6. The process involves calculation of the principal values of
S0 and S00 as described in Appendix A of Barlat et al. (2005) (see also
Yoon et al., 2006). The extraction of the anisotropy parameters that
best ﬁt the data was performed using a MATLAB program that iter-
atively minimizes the error between an assumed / and the six data
points, starting with an initial guess for the anisotropy constants in
Eq. (3) (unconstrained nonlinear optimization). The ﬁt arrived at is
included in Fig. 6 (Yld04–3D) along with the isotropic case H(8)
and the von Mises (vM) yield functions. The ﬁt is seen to follow
the data very well; it appears not to differ signiﬁcantly from the
isotropic case, H(8), but as we will see the small differences will
have an effect on the localization results in the tube crushing prob-
lem. Both the calibrated Yld04–3D and H(8) differ signiﬁcantly
from the vM yield function due to their higher exponent k. The
ﬁt parameters selected are listed in Table 3.
Associative ﬂow rule is adopted along with isotropic hardening.
The ﬁrst and second derivatives of this yield function / with re-
spect to the stress components required for the ﬂow rule and the
consistent tangent modulus, are given in Appendix A of Barlat
et al. (2005).
Tensile tests were performed on axial specimens extracted from
each of the tubes used in the crushing experiments. The responses
have similar shapes but their yield stresses varied to some degree
(see ro in Table 1). In such tests, the response develops a load max-
imum that is followed ﬁrst by diffuse necking and later by inclined
bands of localized wall thinning that precipitate failure. The uni-
form stress part of such a response is typically limited to strains
that are less than 10%. Consequently, the true stress-logarithmic
plastic strain responses of such measurements had to be extrapo-
lated. The response was ﬁrst extrapolated by a few percent of
strain by using larger strain data from an equibiaxial test on a tubec031 c032 c044 c055 c066
0.9744 1.0320 1.0 1.0 1.0
c0031 c0032 c0044 c0055 c0066
0.9744 1.0320 1.0 1.0 1.0
rigid surfaces (six elements through the thickness).
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Fig. 8. (a) Comparison of measured and calculated force–displacement responses using Yld04–3D for TR43. (b) Sequence of calculated deformed conﬁgurations showing the
shell at different stages of crushing (correspond to numbered points on the response in Fig. 8a). (c) Sequence of deformed cross sectional views showing the evolution of axial
deformation in the neck that develops (correspond to numbered points on the response in Fig. 8a). (d) Axial and through-thickness strain contours in the depression at
maximum load. Observe that the values are essentially the same in the two images.
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formed by evaluating the performance of the FE models in predict-
ing the structural response of the six biaxial inﬂation tests as well
as two of the crushing experiments. The true stress-logarithmic
plastic strain arrived at is shown in the Fig. A.1 in Appendix A; it
follows a monotonically increasing trajectory but with a decreas-
ing tangent modulus. The three constitutive models (vM, H(8)
and Yld04–3D) used in the crushing simulations were then cali-
brated to the same true stress-logarithmic plastic strain response
shown in Fig. A.1.
3.2. Finite element model
The crushing experiments were simulated numerically with a
ﬁnite element model developed in the nonlinear code ABAQUS/Standard used in conjunction with the constitutive framework de-
scribed in the previous section. The model aims to reproduce the
structural response, but more importantly the local thickness
depressions that were observed in the experiments. The problem
is symmetric about a vertical plane that passes through the axis
of the tube and a second one that passes through the mid-span
and is orthogonal to the ﬁrst. By neglecting the small amount of
wall eccentricity present in the tubes tested, symmetry about a
third plane can also be invoked, which reduces the domain that
must be considered to one-eighth of the set-up, as shown in Fig. 7.
The shell was discretized with 8-node linear bricks with re-
duced integration and hourglass control (C3D8R), while the solid
plug and the punch were modeled as rigid surfaces. The LHS edge
of the shell is constrained to move in the axial direction together
with the rigid plug, while symmetry conditions are applied to
Fig. 8 (continued)
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Fig. 9. Comparison of measured and calculated force–displacement responses using
vM, H(8) and Yld04–3D for TR43 (solid elements).
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shell, 70 around the 90 circumferential sector, and about 150
along the length (varies some with D) but with denser distributions
in zones where higher deformation gradients are expected (see
mesh in Fig. 7, arrived at through convergence studies).
Contact between the punch and the outer wall of the shell and
between the plug and the inner wall was assumed frictionless.
‘‘Hard”, surface-to-surface contact was adopted, with the rigid
punch and plug acting as the ‘‘master” surfaces and the shell as
the ‘‘slave” surface.
The plug is free to move in the axial direction but is restrained
in the other two. The model is loaded by prescribing incrementally
the vertical displacement of the punch. Loading is terminated at
the value that corresponds to maximum displacement recorded
in each experiment (i.e., when ﬁrst rupture occurred). Three simu-
lations were performed for each case considered here using respec-
tively the vM, the H(8) and the Yld04–3D yield functions.
3.3. Results from a typical case
We now consider results from simulations of a representative
case (Exp. TR43) using the same FE model run, with the three dif-
ferent constitutive models outlined above. Fig. 8a shows the mea-
sured force–displacement response up to the point at which
rupture initiated in one of the depressions, together with the one
calculated using Yld04–3D. The calculated response is seen to bein excellent agreement with the experimental one. Fig. 8b shows
a set of four deformed conﬁgurations that correspond to the num-
bered points in squares on the calculated response in Fig. 8a. The
progression of crushing is also in very good agreement with the
experiment. Starting with conﬁguration , the depression at the
interface where the shell is coming off contact with the rigid plug
Fig. 10. (a) Through-thickness strain contours in the depression at maximum load (i) using Yld04–3D and (ii) vM. Observe that the scales in the two images are very different.
(b) Comparison of calculated deformation in necks at maximum load using (i) Yld04–3D and (ii) vM (contour scales in the two images are the same).
T. Giagmouris et al. / International Journal of Solids and Structures 47 (2010) 2680–2692 2689is discernible. The depression becomes progressively more pro-
nounced in conﬁgurations , and by spreading around the
circumference and becoming deeper. Thus, it can be concluded that
the model reproduces the overall behavior of the structure
successfully.
Interestingly, the overall structural responses using vM and
H(8) are equally good. Fig. 9 shows all three calculated force–
displacement responses. The ones from Yld04–3D and H(8) agreewith the experimental one perfectly. The one from vM is very
similar except that at higher values of load it is somewhat stif-
fer. Furthermore, the deformed conﬁgurations of the crushing
shell calculated with vM and H(8) were of equally good quality
as the ones in Fig. 8b. So we can conclude that the global re-
sponse of the structure is predicted very satisfactorily in all
three cases as apparently it is not sensitive to the constitutive
model adopted. Such global force–deformation responses repre-
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Fig. 11. (a) Comparison of measured and calculated force–displacement responses
using shell elements and Yld2000-2D for TR43. (b) Calculated maximum thickness
change in depression using shell and solid elements.
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pears to smear out local differences introduced by the shape of
the yield function adopted. Indeed, this trend has been observed
in other structural problems as well (Corona et al. (2006),
Kyriakides et al. (submitted for publication)).
The place where the constitutive model has a signiﬁcant ef-
fect is in the development of the depressions, which we will
examine in detail next. Fig. 8c shows a set of four expanded
views of the cross section of a deforming depression calculated
with Yld04–3D (viewed in the vertical plane of symmetry). The
images correspond to the points on the force–displacement re-
sponse in Fig. 8a marked with numbers in circles. The color con-
tours represent the axial true strain (note that each set of
contours has its own scale). Marked on each image with an ar-
row is the point at which the shell lifts off of the plug. The ﬁrst
observation is that as was noted in the experiments and in the
calculated global images in Fig. 8b, the depression is located
right next to the point at which the shell lifts off of the plug.
It starts being discernible rather early in the loading history, so
that by conﬁguration r a diffuse neck has started forming. This
part of the shell is bending over the rounded end of the plug and
simultaneously experiences some tension. Thus, the outer edge
has a tensile strain of about 11% while the inside one close to
zero. In conﬁguration s the neck has grown signiﬁcantly cover-
ing a length of about two shell wall thicknesses (undeformed).
The strain in the upper half of the cross section of the neck
has reached 25% and in the lower edge is about 15%. In conﬁg-
uration t the neck has grown further and the tensile strain be-
came more uniform across the most deformed part of the neck.
The last conﬁguration, u, corresponds to the point that in the
experiment one of the four depressions ruptured. Here, the neck
is seen to have fully formed; the strain distribution across the
most deformed section is nearly symmetric and has reached a
peak value of nearly 40%. Since we did not introduce a failure
criterion in the constitutive model (e.g., Bai and Wierzbicki
(2008, 2010)), the calculation was terminated at this point. The
average through-thickness strain of the most deformed section
was then calculated in the same manner as in the experiment.
The calculated value was 34.67%, which compares with the
experimental value of 33.85% (see Table 2). In other words,
the agreement between the two is excellent.
One further observation regarding the deformation of the
depression at point u can be made in Fig. 8d, which shows a
more global view of the depression along with axial strain con-
tours (i). The depression is seen to extend over part of the cir-
cumference following exactly the edge of the solid plug, with
the most deformed section occurring in the plane of symmetry.
Image (ii) shows the contours that correspond to the through-
thickness strain (strain scales of (i) and (ii) are similar but with
opposite signs). As can be seen the two sets of contours are very
similar indeed both quantitatively and in their spatial distribu-
tion. As is intuitively obvious, the surrounding shell constrains
the deformation in the depression in the circumferential direc-
tion, making the local axial and through-thickness true strains
essentially of the same magnitude but with opposite signs.
As we have seen, using the vM yield function in the same FE
model produces a similar structural response. However, the evo-
lution of the depression is distinctly different. This difference is
illustrated in Fig. 10. Fig. 10a shows global views of the depres-
sion at the maximum load: (i) was obtained using the Yld04–3D
constitutive model and (ii) using von Mises plasticity; the con-
tours represent through-thickness true strain. The contours indi-
cate that the two depressions are geometrically similar however
the magnitude of the strains as indicated by the color scales are
quite different; in (i) the maximum strain is of the order of
40% while in (ii) it is only about 26%, in other words thevM depression is at a much less developed state than the one
from Yld04–3D. Close-up views of the two necks in the plane
of symmetry shown in Fig. 10b provide a more quantitative
comparison of the strains. In the vM image in (ii) the neck is
much less developed than in the Yld04–3D image (i) and the
strains are much smaller. Indeed, the average strain of the most
deformed cross section in (ii) is 22.01% which is much smaller
that the experimental value of 33.85% given in Table 2.
The same calculation was performed with the isotropic non-
quadratic yield function of Hosford. The overall structural response
matched the experimental one and the development of the neck
was found to be more in line with the experimental observations
than the vM case. At the maximum load the average strain of the
most deformed cross section was 31.77%, much closer to the
experiment but somewhat smaller.
In the numerical results presented this far the shell was mod-
eled with solid elements. It is worth pointing out that in the ﬁrst
simulations performed for this study, shell elements (S4R) were
employed, as is traditional for thin-walled structures. The results
were not totally satisfactory and thus the switch to the more com-
putationally intensive solid elements. The deﬁciencies of shell ele-
ments are mainly related to the simulation of the development and
growth of the depressions that eventually cause failure. This inef-
fectiveness was found to occur for all three constitutive models
(plane stress versions) but to differing degrees (the plane stress
models were calibrated to the same stress–strain response as the
3D models shown in Fig. A.1). Fig. 11a shows a comparison of the
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discussed above (TR43 in Tables 1 and 2). Here, the Yld2000-2D
anisotropic yield function was implemented, calibrated as dis-
cussed in Korkolis et al. (2010). Clearly, the simulation initially fol-
lows the experimental response very well. Around a displacement
of about d = 0.4D, the stiffness starts decreasing and the measured
force is under-predicted. As it turns out, the location of the depres-
sion is reproduced well but the evolution of localization inside it is
not. This for example is illustrated in Fig. 11b where the maximum
change in thickness in the localizing depression is plotted against
the prescribed punch displacement. For comparison, the ﬁgure in-
cludes the corresponding results from the solid element model de-
scribed above, albeit based on the 3D version of this anisotropic
yield function (calibration described in Section 3.1). Initially, the
two trajectories are in agreement but for d > 0.25D the shell thick-
ness decreases much faster and by the displacement corresponding
to ﬁrst failure (end of trajectories) it is more than double the value
yielded by the solid elements. Furthermore, the neck-like proﬁle of
the depression at higher displacements was not reproduced by the
shell elements, irrespective of mesh reﬁnements, as deformation
was found to localize in single element band. Clearly, the depres-
sion and its neighborhood are fully 3D in nature requiring a fully
3D FE representation. Similar conclusions were drawn by Cho
et al. (2002).
3.4. Summary of all simulations
Similar sets of calculations were performed for all ﬁve experi-
ments listed in Tables 1 and 2. In each case the stress–strain re-
sponse adopted was based on the measured uniaxial response
with the extrapolation described in Section 3.1 (i.e., the stress–
strain responses have different yield stresses but approximately
the same shape as in Fig. A.1). The general trend of the results
was similar to that of Exp. TR43 described above. The overall
structural response was predicted well for all cases using all three
constitutive models. The depression and its evolution were under-
predicted when vM was used, the predictions from H(8) were
closer but generally the local strain was smaller than the experi-
ment, and the predictions from Yld04–3D were generally in good
agreement with the experimental values. In the way of summariz-
ing this trend, Table 2 lists the measured and calculated maximum
thickness strain in the necks using the three models. In all cases the
Yld04–3D results are the closest to the experimental values. The
H(8) results are smaller by varying degrees whereas the vM results
are unacceptably small. We can thus conclude that adoption of the
non-quadratic yield function is essential for accurate prediction of
the evolution of such localized deformations and that adding the
anisotropy further improves the predictions. Finally, shell element
models were found to be equally ineffective in predicting the evo-
lution of localization as in the case discussed in the previous
section.4. Summary and conclusions
In a series of tube crushing experiments conducted on Al-
6061-T6 tubes, local depressions developed at the radially con-
strained locations. These are zones were the shell wall is se-
verely bent over the radiused ends of stiff plugs bonded to the
tubes. As the crushing progresses the bending becomes more se-
vere under increasing stretching. The local depressions, which
have a width that is of the order of the shell wall thickness, dee-
pen and increase their span as the crushing progresses. They
gradually develop into localized necks that eventually cause local
rupture in the form of what is usually called ‘‘shear failure”. If
the crushing is continued beyond this point, the crack propa-
gates around the shell circumference tearing it apart. In severalexperiments the crushing was terminated at ﬁrst failure, the
shell was unloaded, sliced along the principal plane of crushing,
thus enabling observation of the necks in the plane of most
deformation. As expected, the maximum through-thickness
strains in intact necks were found to be signiﬁcantly larger than
the average strain at failure in uniaxial and biaxial tests on the
same tubes.
The crushing experiments were simulated numerically using
ﬁrst shell and subsequently solid FE meshes arrived at from con-
vergence studies. The material was modeled as a ﬁnitely deform-
ing elastic–plastic solid that hardens isotropically using three
different yield functions: von Mises, and the non-quadratic iso-
tropic Hosford and anisotropic Yld04–3D with exponent 8. The
three models were calibrated to the same stress–strain response
that starts with the response measured in a tension test and is
extrapolated using an equibiaxial test response, as well as struc-
tural simulations. The anisotropic Yld04–3D model was cali-
brated using experimental results from radial stress paths of
combined internal pressure and axial load on tubes of the same
material. In each case the tube was crushed to the maximum
crushing displacement of the corresponding test. Particular atten-
tion was paid to the evolution of the local depressions that
developed.
The following conclusions can be drawn from the simulations:
1. The overall force–displacement crushing response of the tube
was reproduced very accurately by two non-quadratic yield
functions and quite satisfactorily using vM (in some cases
the latter deviated somewhat as the point of ﬁrst
failure approached). The overall conﬁgurations of the
crushing shell were also reproduced very well by all three
models.
2. Depressions developed at the same locations as in the experi-
ments. They appeared early in the loading history and deepened
and increased their span as crushing progressed, becoming
eventually neck-like. Inside the depressions the deformation
around the circumference was very small, so the through-thick-
ness and axial deformations were about the same with the ﬁrst
being negative and the second positive. The evolution of the
localized deformation was predicted quite differently by the
three models. For vM the localization was smaller throughout
the history and the ﬁnal deformation in the neck was much
smaller than in the experiments. H(8) produced necks that were
closer to the experimental ones, while Yld04–3D produced
results that were very close to the measurements. This supports
previous ﬁndings in other problems, that the adoption of a non-
quadratic yield function is necessary for reproduction of local-
ized and other challenging deformation histories. The addition
of anisotropy in such models improves further the predictions.
3. The use of solid elements in the simulations was found to be
indispensable for accurate prediction of the evolution of the
slow growing depressions. Shell elements reproduced most of
the structural response well, but not the depressions and their
evolution. Deformation tended to localize in a single element
band and the neck deformation was signiﬁcantly over-
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used in all numerical calculations.References
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